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The conjectures of Birch and Swinnerton-Dyer connect arithmetic invariants of
an elliptic curve E over Q (or more generally of an abelian variety over a
global field) with the order of zero and the leading coefficient of the Taylor
expansion of its Hasse-Weil zeta function at the “central point”. One of the
arithmetic invariants entering into this conjecture is the “regulator of E”, ie.,
the discriminant of the quadratic form on E(Q) defined by the “canonical
height pairing”.

If E is an elliptic curve over Q parametrized by modular functions (a Weil
curve, cf. Chap. 11, §7 below) then the p-adic analogue of its Hasse-Weil L-
function has been defined, and recently p-adic theories analogous to the theory
of canonical height have been developed. It seemed to us, then, to be an
appropriate time to embark on the project of formulating a p-adic analogue of
the conjecture of Birch and Swinnerton-Dyer, and gathering numerical data in
its support. It also seemed, at the outset, that this would be a relatively routine
project.

The project has proved to be anything but routine, and this article is an
attempt to report on out findings so far.

The first curiosity one encounters is that a certain factor, which we call the
“p-adic multiplier”, enters into the formulation of the conjecture, this factor
being the discrepancy between the p-adic and classical special values. The p-
adic multiplier is a simple local term, having the appearance of an Euler factor.
It is, however, not equal to any recognizable Euler factor nor does it appear to
interpolate to a p-adic meromorphic function. Panciskin [P] (cf. also: [A]) has
given the general form of the corresponding factor which occurs in a very
broad class of p-adic interpolation problems. What conceptual significance, if
any, this factor may have is a mystery. More puzzling, however, is the fact that
the p-adic multiplier can vanish at the central point (it does so if and only if E
has split multiplicative reduction at p) and thereby “throw off” the order of
vanishing of the p-adic L-function at that point. When this happens, we say
that we are in the “exceptional case™. In this case other strange things happen
as well: The sign of the p-adic functional equation is the opposite of the sign of
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the classical functional equation. We expect that in the exceptional case, the
order of vanishing of the p-adic L-function is one greater than the order of
vanishing of the classical L-function. Somewhat in harmony with this phenom-
enon is the fact that when E has split multiplicative reduction at p, one can
define quite naturally a finitely generated group which we call the “extended
Mordell-Weil group”, the rank of which is one more than the rank of the
Mordell-Weil group, and one can define a p-adic height pairing on this extend-
ed Mordell-Weil group.

We formulate a p-adic analogue of the conjecture of Birch and Swinnerton-
Dyer which, in the exceptional case, involves the “regulator” of the extended
Mordell-Weil group, computed via the “extended” height pairing. We collect a
substantial amount of numerical evidence in support of this analogue in both
cases, exceptional and non-exceptional. A novelty of the “exceptional” conjec-
ture is that it is an assertion which goes beyond the “classical” conjecture of
Birch and Swinnerton-Dyer even when the Mordell-Weil group is finite. In-
deed, in that case, using the classical Birch and Swinnerton-Dyer conjecture
together with the “exceptional” conjecture, one can produce an again con-
jectural relationship between the special value of the first derivative of the p-
adic L-function of E and the “algebraic part” of the special value of the
classical L-function of E. We conjecture that the former quantity is the product
of the latter quantity and the factor

Z,(E)=log,(q,(E))/ord,(q,(E)),

where ¢,(E)eQ, is the p-adic multiplicative period of E, ie., is the number
qeQj} with ord,g>0 such that E is the rigid analytic quotient of the multipli-
cative group by the infinite cyclic subgroup generated by g.

This is a surprising relationship, because both “main quantities” involved in
the conjectured formula (i.e., the special value of the derivative of the p-adic L-
function of E, and the “algebraic part” of the special value of the classical L-
function of E) are computed by integrating along specific paths on the Rie-
mann surface of E, the paths determined by the “modular parametrization™ of
E, while their conjectured ratio Z,(E) is a p-adic “period” determined by the
p-adic analytic uniformization of Eg. It is quite remarkable to see the p-adic
digits of this p-adic period be “reproduced” in the print-out of a computing
machine programmed to compute the ratio of the two “main quantities”
described above, which are given as certain expressions involving modular
symbols.

The type of conjectured relationship we have just described we call an
“exceptional zero conjecture” and we formulate a quite general “exceptional
zero conjecture” to cover all instances of exceptional zeroes of p-adic L-
functions attached to newforms of weight 2. We also formulate an analogous
conjecture for forms of even weight k=4, but this analogous conjecture is
weaker, for a reason to be explained presently. We collect numerical evidence
supporting these conjectures for various newforms f (in weight 2, where f runs
through a collection of quadratic twists of the cusp form parametrizing the
elliptic curve X,(11), and for selected newforms f of weights 4 and 6). If f is a
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newform of weight k, level N and nebentypus character ¢, then

L,(f¥.5)

has an exceptional zero at the central point if and only if k is even, p|N (ie., p
divides N but p? does not), p does not divide the conductor of the primitive
version of ¢, and the Dirichlet character ¥ has the “correct” value at p (i.e.,
Y(p)p*~?=a,, the p-th Fourier coefficient of f).

In this case, when the weight k is equal to 2, the “exceptional zero
conjecture” involves a factor & (f) which is a direct generalization of < ,(E)
and can be defined via the rigid analytic p-adic uniformization of the abelian
variety A4, attached to the newform f.

An examination of the quantity #,(f) (which lies in K, ® Q,,, where K, is
the field generated by the Hecke eigenvalues of 1) shows that it can be defined
using even less: it is an invariant of the representation of szGal(Qp/Qp) on
the p-adic vector space

V,(N=T,(4)®Q,

which is a free K,®Q, module of rank 2. This definition of Z,(f) rests
partially on the fact that in the “exceptional case” the inertia subgroup of G,
acts on V,(f) through a Borel subgroup, when f is of weight 2.

What happens in the “exceptional case” when the weight of f is greater
than two? At first we had expected that in this situation the action of the
inertia subgroup I, of G, on V.(f) (the p-adic Deligne-(Kuga-Sato) representa-
tion attached to f) would factor through a Borel subgroup as it does in weight
2, and that we could define &,(f) in terms of this representation. But this
expectation was too optimistic, as we show by examples, and we are at a loss
to give a local definition of a higher weight analogue of &,(f).

Thus our “weaker” exceptional zero conjecture in higher weight is simply
as follows. For f with an exceptional zero at the midpoint, define .#,(f) to be
the value at that point of the ratio

first derivative of L (f) B
algebraic part of classical value of f°

assuming that the denominator does not vanish. Then we conjecture that
Z,(f) is unchanged when f is twisted by a Dirichlet character ¥ for which
¥(p)=1. We have verified that this is so modulo reasonably high powers of p
for several twists of two newforms, of weights 4 and 6.
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Chapter 1. Modular symbols, measures, and L-functions
attached to modular forms of weight k=2

The object of the first part of this chapter is to review the work of Amice-Vélu
and Vishik, [A-V] and [V], in which they obtain a p-adic Mellin transform of a
modular form of weight k=2. Although their treatment does not include
primes p dividing the level, it is easy to do so (provided an “allowable p-root”
o exists; see below). We also obtain a functional equation in the more general
case. Our special interest in the last part of this chapter is in the phenomenon
of “exceptional zeroes”, i.e., zeroes at integral points which seem to emerge
from the p-adic interpolation process and have no counterpart in the classical
L-function. We are particularly interested in such an exceptional zero when it
occurs at the central point for the functional equation. This can happen only
for primes p dividing the level.

When such an exceptional zero occurs (and the hypotheses of §18 hold so
that, in particular, the “sign” of the functional equation makes sense) the sign
of the p-adic functional equation is opposite to the sign of the classical
functional equation. Consequently the parity of the order of vanishing at the
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central point is thrown off. In such a case, any p-adic analogue of the classical
Birch-Swinnerton-Dyer conjecture will have a form departing somewhat from
its classical prototype. Towards the end of this chapter we make some prelimi-
nary conjectures of “Birch-Swinnerton-Dyer type” concerning order of vanish-
ing and the “nature™ of the extra zeroes (see §16, §19).

Notation. Let GL,(R)* be the subgroup of GL,(R) consisting of matrices with
. b1 . .
positive determinant. If 4= [z d] is in GL,(R)*, set

det(4)'/?
l’(l4)=m~

‘ b
Recall that GL,(R) operates on the Riemann z-sphefe via A(z):az+

A(w)=g/c. cz+d
Fix an integer k=2. Let %(N,¢, k) denote the space of holomorphic cusp
forms of weight k with character ¢ on I(N). Here N>1 is an integer and ¢ is a

(not necessarily primitive) Dirichlet character on (Z/NZ)*. .
Let

%= €(N,&,k)
N,e

denote the space of all cusp forms of weight k which are on I;(N) for some N.
Let

Z0)=C®C-z@...0C-z*?

denote the space of polynomials {in the variable z) of degree <k—2, with
coefficients in C. More generally, #,(R) will denote polynomials of degree
£k —2 with coefficients in a ring R.

Define actions of GL,(Q)* on %, and on %, (C) by the formulae:

(f1A)z): = p(A)* - f(A(2) for fe%,,
(PlA)(2):=p(A)2 % P(A(z)) for PeZ(C).

§1. Modular integrals
Since dz=p(A)~*-d(A(z)) we have:

(S14)(@)(P1A)z) dz= [ (A(2)) P(A(z))d(A(2)). (L.1)
Let P'(Q)=Qu {c0} and define a map

o: 6, x 2(C)x P (Q)>C
by the formula

%0

cb(f,P,r):27zi§f(z)P(z)dz: 2n(j)f(r+it)P(r+iz)dt, if reQ, 2

0, if r= 0.
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We adopt the convention that if one argument is to be kept constant in a
discussion, it may be relegated to the position of subscript in our notation.
Thus, ¢(f,P,r)=¢ (P,r)=¢ p(r).

Clearly,

(a) ¢(f, P.r)is C-bilinear in f, P for any reP*(Q).

Also, integrating (1.1) from oo to r and using Cauchy’s theorem in the
triangle with vertices oo, A(oc), A(r) we get:

(b) ¢(f 14, P{A,r)=(f, P, A(r))—¢(f, P, A(0)).

By a modular integral (of weight k with values in V) we shall mean a
mapping

D%, x 2 (C)x P Q) V,

where V is a complex vector space, and such that @ satisfies axioms (a) and (b)
above. Fix such a modular integral @. Axiom (b) applied to A =identity yields:

&(f, P, «0)=0.

§2. The module of values

If ¢ is a complex Dirichlet character, let Z[¢] < C denote the subring of C
generated by the values of e.
Let A;eSL,(Z) be coset representatives of I(N) so that

SLy(Z)= [] IL(N)- 4,
jeR
where # is a finite index set.

Fix fe®, and let L <V denote the Z-module generated by the image of
PAL) x P'(Q) under the mapping &,

Proposition. The Z-module L, is the Z[e]-submodule of V generated by the
elements:

O(f, 2, A(0)—P(f. 2", 4,0)); O0<ZLigk—-2; jeA. (1.3)
Proof. For A:[Z‘ Z]EFO(N), put &(A4)=¢(d). Then:

flA=e(4)-.

By axiom (a),
e(A)- O(f, P,1)=@(f, P{A™ 1, A)— (£, P1 A", A(0)),

so L, is a Z[¢]-module. Here we use that if 4eSL,(Z), then P— P| 4 preserves
the lattice #,(Z)< Z,(C).

Now let LOf_C;Lf denote the Z[¢]-submodule generated by the quantities
(1.3). Let a,me Z with m=0 and a relatively prime to m. We shall show that

&(f, P, a/m)e L%
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by induction on m. If m=0, then &(f, P, a/m)=0. Suppose m>0. Let m’ be the
integer such that am'=1modm and O0<m <m. Put o'=(am —1)/m and

A= [a a’]ESLZ(Z). We have A=B- Ai for some je# and BeI (N). Then:
m m .

(f, P.ajm)—@(f. P, d'/m)=®(f, P, A(c))— D(f, P, 4(0))
= ®(f. P. BA,(0))— ®(f. P, BA,(0))
=&(B)-[®(f. P1B, A;(c))— (£, P|B, A,(0))].
But this shows that @(f, P,a/m) is in L(}. since we may suppose that
O(f, P, d'/m') is in L by induction.

§3. Modular symbols

We now use our modular integral ¢ to define a modular symbol ). For a, meQ,
m>0, fe$,. and Pe#,(C) we put

A(f.Pra, m)::(D(j;P(mH—a), —Z;) (i)
el )
) d)(fl [é Tn"],P, o). (iii)

The proof that (i)=(ii) comes from p ([’g ﬂ):m”z and the definition of
the action |4 on Z,. The proof that (ii)=(iii) comes from axiom (b) with r=0,
1 -
A:[O ma]’ and P replaced by P[4~ =P [}(7)? ‘:]
Proposition. The modular symbol i(f, P; a,m) is C-bilinear in (f. P). For fixed
L PeP(Z), and a,meZ the modular symbol APy a,my=A(f, P; a,m) takes

values in L. For fixed [ and P, Ap pla, my=A(f, P;a, m) depends only upon a
modulo m.

Progf. The C-bilinearity of A follows from C-bilinearity of ¢. To see that
2;(P; a,m) takes values in L, for Pe#(Z) and a,meZ use formula (i). The
last assertion follows from

P S PRI P P

Concerning “homogeneity” in a and m, we have:

f

A

Ap(P(z); a,m)=A,(P(z/t); ta, tm) (3.1
as is clear from (i).



8 B. Mazur et al.

We also have the following “divisibility”:
For0gigk—2 a,meZ, m>0

Mfi(z—a); a,m)em'-L, (3.2)
as is clear from (i).

§4. Action of the Hecke operators

Let fe¥ (N, ¢, k). For every prime number [ consider the operator

bl )

When [ 4 N, then T, is the usual Hecke operator; when [| N, ¢(I)=0, and we
have the formula for the operator U,. Nevertheless we adopt this uniform
notation. The operation T, preserves € (N, ¢, k) for every [,

f”_’f| E;:l(k/Z)—l (lz1 f

Proposition. For fe¥ (N, ¢, k) and for each prime number | we have the formula:

1-1

AT, Pyamy=Y A(f, P;a—um, Im)+e(l)- 1“2 A(f, Py a,m/)).  (42)

Verification of this formula is straightforward using (iii) of §3 and is left to
the reader. It 1s also easy to check that

Lyn<L;, 43)

where L, is the module of values defined in §2.

§5. Action of the wy’s

Let N=Q Q' be a factorization of N into relatively prime factors Q and Q.
Let e=¢,- &y where ¢, (resp. &4/) is a character mod Q (resp. mod Q).

For fe4(N,¢, k), we can produce a well-defined modular form wy(f) in
%(N,¢; "' &g, k) by the following formula (cf. [A-L]):

If x,y,z,teZ with Qxt—Q'yz=1, then

wo(f)=8o(¥) eo(x)-f|W,  where WQ=[ (5.1)

Moreover,
wo(f)=eo(—1)- e (@) f=e(=Deg (=Q) f=(—ea ' (=Q)f  (52)
and if [ is a prime not dividing Q, then
wol/ I T)=eo()- wo(NI T, (5.3)

A simple computation together with the proposition of §2 shows that

woty =Ly (5.4)

L
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§ 6. The functional equation for modular symbols

We keep the notation of §5.

Proposition. Let a, m be relatively prime integers such that m>0, (m, Q)=1 and
Q'|m. Let a' be an integer such that a'aQ= —1 modm. Then:

0 -1
Mf P a,my= —SQ(—m)gQ-,l(_a)A/l(wQ(f),Pl[Q 0 ];a', m) (6.1)
for all P in Z,(C).

Proof. Let b= —(Qd'a+1)/m so that —Qd'a—mb=1. Then gél(b):aQ(—m).
Put

Vo= [ _Q%ia Qba’]

and compute the right-hand side of (6.1) to be:

—;L(ftWQ,P\[g "01];a',m)=_m(k/Z)—lcb(f\WQ-[(l) _m“/],PHg _01],0).

0 -1 . ,
Now use axiom (b) with r=0, Az[Q 0] with f replaced by
| —a
leQ[ a]andey P| A. Thus:
0 m

qb(flwg.[:) —ma/]A;PIA2,0)=—<I>(f|WQ[(1) 'm“’],PHg “01],0).

| —a i -
But W, [0 m“] A= ——Q[O "] and A?= ~—Q[(1) (1)] yielding (6.1).
m

§7. Relation of the modular symbols to the values
of the complex L-function L(f,s)

From now on we suppose our modular symbol 1 is that made with @ = ¢, the
explicit modular integral defined in § 1.

If feb(e, k) has Fourier expansion f(z)= Y a,e?™"* then the corresponding

L-function L(f, s) is defined by nzl
L(f.s):= }. a, ( PR RALLCA

nz1i

We therefore have
AL 2% 0, D) =¢(f, 2", 0)= —27i j flz)z"dz

=" ~L(f,n+1) for 0Sn=<k-2.
(2 )
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§8. Twists

Let y be a Dirichlet character mod m. The Gauss sums are defined by the
formulae:

‘C(I’l, X Z y(a Znina/m

amodm

T(x):=1(L, x).
We have

t(n, x)=3(m) t(y) for all neZ, if y is primitive mod m, and (8.1)
for (n,m)=1, if y is any character mod m.

Conversely, if (8.1) holds for all neZ then y is primitive mod m, and in that
case

(P =x(= () () =m. (8.2)
For f(z)= ) a,e’™"* we put
) 1(2):=Y xina, e

Then, using (8.1) to replace y(n) by t(n, y)/7(x) and rearranging sums we
find (Birch’s lemma) that if y is primitive mod m,

1z Y. xla ( ) (8.3)

(7) amodm

For the modular integral, this gives the twisting rule

O(f,, P, r):?(lﬁam%mx a)¢( ‘[ a/l’m],p, r)

:,% 5 /a)qb(fPH —C;/m],w%) (8.4)

T modm

if y is primitive mod m. For the modular symbol 4 we find by a straightforward
computation:

/l(j;i(z),P(mz);b,n)=% > x(@) A(f. P; mb—na, mn), (8.5)

)amodm
for y primitive mod m.
Putting b=0, n=1 in (8.5) and combining it with §7 we have, for
0sn=sk—-2,

| 2
Lfpni=1 2 ) S @iz am, 86)

amodm

which expresses the special values of the L-functions of all twists of f in terms
of the modular symbols for f.
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§9. A numerical example

Let n(z)=¢q"?* H (1 —g") be the Dedekind n-function and let 1,(z): =n(bz).
n=1
Set
f=n°nS.
Then f is the unique normalized cusp form of weight 6 on I(3) with e=1. The
ring of Hecke operators is Z and there are two complex numbers Q* and Q-
(“periods”) such that

AT 2 a,m)ys=[Af, 2" a,m) £ A(f. 2" —a,m)]}/Q*

are integers with greatest common divisor 1. This pins down the “periods™ up
to sign. For y a primitive character of conductor m, define

A(fopn+1)i= 3 yla) AW f(2" a0, myeZ[y].

a modm

Here Z[y] is the ring of cyclotomic integers generated by the values of the
character y.

These are the “algebraic parts” of the special values of L-functions of twists
of the modular form f in the sense that

sign(yx) ¢ __ “\H
L{f; n+ 1):9:’»* ( /EEL () A, yyn+1). 9.1

n!  omntl
In the table below we consider primitive quadratic characters y of con-
ductor m, and record the factorized integers A(f, z.n+1) for n=0,1,2. Note

that the functional equation then enables one to predict the value for n=3 and
4. Explicitly,

—e-A(f 1, H)=0/3-A(/, 1.2)
e A(f, 1, 5)=(0/3)* A(fo 1. 1),

m n=>0 n=1 n=2
5 25.3%.13 24,34 0
12 —2%.3%.5.13 25.35 0
28 28.3%.5.13.53 —20.34.103 —28.3%.13
40 2°.3%.5.7.13-19 —28.34.97 —210.34.43
44 —20.3%.5.13-19-79 27.3%. 191 0
13 29.3%.5.13 —27.3*.5 —20.34.13
17 —27.3%.13.43 27.3%.5 0
21 —26.35.13.37 20.35.5 0
29 ~2%.37.5.13.61 24.37.19 0
37 2°.3%.5.13-109 —27.3*.7.23 —20.34.13
41 —29.3%.5.13-113 27.3%.107 0
53 —25.35.13.41017 24.34.17.233 0

60 -29.3%.5.13.29 27.3%.23 0
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where ¢ is the “sign of the functional equation”™ and o=g.c.d. (3, m). The zeroes
in our table at the central point n=2 are all forced by the sign e

§10. p-adic distributions

Let p be a prime number, fixed from now on. Suppose that fe%(N, ¢, k) is an
eigenform for T, with eigenvalue a, (necessarily an algebraic integer in C).
Suppose that the polynomial

X?—a,X+e(p)p! (10.1)

has a non-zero root. Choose such a root o.%0.
Let v(m)=ord,(m) be the integer such that mp~""" is a p-adic unit. Define:

o ep)pt=?
ur (P a, m):oc-”("T’ s, pla, WO_W 4 pla, m/p) (10.2)

for a, meZ, m=>0.

An elementary computation using the Proposition of §4, the fact that a,, is
the eigenvalue of the action of T, on f and that « is a root of (10.1) gives the
distribution property:

Proposition. For a, meZ, m>0 we have Z Hr (P b, pm):uf,a(P; a, m).

b=amodm
bmod pm

Suppose ¥ is a Dirichlet character with conductor M relatively prime to p.
Then, using (8.5) we find, for n prime to M:

U(p) S Y(a) (P, Mb—na, Mn).  (10.3)

_ P ; =
Wy opipy(P(M 2); b, 1) W) amodm

§11. p-adic integrals

Let M be a fixed integer >0 and prime to p. Set

Z, y=1im(Z/p"MZ)=7,%x(Z/MZ)
v (11.1)
2} y=lim (Z/p' MZ)* =7y x(Z{MZ)*.

v

We view Z% , as a p-adic analytic Lie group with a fundamental system of
open disks D{a, v) indexed by integers « prime to pM and natural numbers
vz 1, where

D(a,v):=a+p"MZ, <L y.

Thus, D(a, v) depends only on a mod p*M.
Let Q be the algebraic closure of Q in C. Fix an imbedding

Q- C,:=the completion of an algebraic closure of Q,,.



On p-adic analogues of the conjectures of Birch and Swinnerton-Dyer 13

Let ¢,=C, denote the ring of integers, and €% its topological group of
units.

Now fix a modular form fe%(N,¢, k) as in §10, and consider the finite
dimensional CP-vector space

Vii=C,®eL,Q

and the O -lattice Q, <V, generated by L .

Extend the definitions of ¢(f, P,r), A(f, P;a,m) and u, (P;a,m) to the case
where P has coefficients in C, yielding values in V.

Our aim is now to follow Vishik [V] and Amice-Vélu [A-V] to define a
Vi-valued integral

(U, Fy— | F, (11.2)
U

where U ranges through compact open subsets of Z¥* \, and F ranges through
locally analytic functions on U (see below), such that, denoting by x+x, the
projection of Z,, ,, onto Z, we have

| Plx)=p; (P;a,p' M), (11.3)
Dia, v)
for v, aeZ,vz=1, (a, pM)=1, Pe#(C,). Here the condition v=1 is essential; for
the value of the integral in case v=0 (with the natural definition of D(a, 0)) see
the end of § 14.

Definition. If U< Z, ,, is an open subset, a function
F:U-C,

is called locally analytic if there is a covering of U by disks D(a, v) such that on
each D(a, v), F is given by the convergent power series

F(x)= ) c,(x—a).
nz0
Note that convergence of the above power series on D(a, v) is equivalent to
the condition that p™¢, tend to zero as n goes to oo.

Theorem (Vishik, Amice-Vélu). Fix an integer h such that 1 <h<k-1. Suppose
the polynomial X*—a,X +¢(p)p*~" has a root aeC, such that ord,o<h. Fix
such an o. Then there exists a unique V -valued integral (11.2) satisfying these
axioms, in which v 1, aeZ throughout:

L Itis C-linear in F and finitely additive in U.

L. (Evaluation on polynomials of small degree):

| x;—_—uf,a(zj;a,p”M) for 0<j<h.

D(a.v)

IIl. (Divisibility): For any n=0,

ju—ME€¥M%%

D(a, v}
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IV. (Continuity): If F(x)= ), c,(x—a)) is convergent on the disk D(a,v),

n=0

then | F=3Y ¢, | (x—a).

Dia, v) nz20 D(a,v)
Remark. The V-valued integral whose existence and uniqueness is given by the
above theorem is independent of choice of h in the sense that, given o, for any
choice of integer h with

ord,a<hzk—1

one gets the same integral, as follows directly from the uniqueness assertion of
the theorem. The integral does, however, depend upon the choice of a. If 2 is a
root of X?—a,X+e&(p)p*~' such that ord,x<k—1, we shall call « an allow-
able p-root for J and we sometimes wrlte de,u for the corresponding
integral.

Proof. First, given any F(x)=) ¢,(x— a), convergent on D(a, v), define a frac-
tional ideal in C, by
I(Fa,v)=p ™% c,p™0,

nzh

noting that this is a fractional ideal (ie., finitely generated over (/) because
¢, p"—0,as n— 0.

Lemma. If D(a’.v)<= D(a, v) then I(F,a',vy<I(F, a,v).

Proof. Obviously, if v'=v, then I(F,a,v)<I(F,da,v) so we may assume that
v'=v. Suppose

F(x)= Y ¢ (x—dY,= 3 c,(x—a)

nz0 nz

v
[=}

for x in D(a, v)=D{a’, v). Then

and therefore, since a’ =a(mod p'),

peie Y ¢, p" O, =p" I(F, a,v).

nzj

Uniqueness. For this we may suppose that we are given a Vi -valued integral
(11.2) satisfying 1, 111, 1V, and the following replacement of II:

11, § P(x,)=0 for degree(P)<h.

D(a.v)

We must show that such an integral vanishes identically. By I and the
lemma it suffices to show that for F(x)=) c,(x —ay), convergent on D(a, v)

§ Fe@"oy-I(F,a,va" " Q (11.4)

D(a, v)

for then, taking coverings of an open set U by disks D{qa;, v) for v increasing,
(11.4) shows that jF=0. But (11.4) follows from 11, III, and IV.
U
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Existence. For this we may take h=k—1. Note, first, the following “internal
consistencies” among the axioms:

(1) T and 11 imply

n,: (x—aye (g) - Q,

Dia, v)

for n<k-2.

This follows directly from (3.2}, and the relevant definitions.

(i) If F is convergent on D(a, v) and 111, holds for all n, then the right-hand
side of the equation in IV is convergent.

Now we need an approximation lemma.

Let @'=a modp* M so that D(d', v)=Dla, v). Let F be convergent on D(a, v)
and write

Fx)= Y c(x—ay,= ) c,(x—a).

nz{ nzo

Consider the “truncations”

Fx)=Y c,x—aft, F.x)=Y cc—a),
n<h n<h
and put
F,(x)=Fy(x)= Y. b,(x—a),.

n<h

Then
Lemma. p"'b, e p" - I(F, a, v).
Proof. We have

and since a—a'ep’ Z,
prbed (’}p-i" O, =p"™ I(F, a,v).
izh
A consequence of the above lemma and (i) is the following estimate:
ph v
| (F,—F)e (~) I(F,a,v)o~ ' Q,. (11.3)
D(a, v) o ’

Therefore if F is locally analytic on U and U is the disjoint union of
D(a;, v) for v> 0, then a “v-th Riemann sum”

> | F,  for {F

i Dia,.v) u
(in which each summand is defined via 1I), is determined modulo

AN
(7-) o ! -1,Q,, where
5

I,=Y I(F,a;,v).
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Since I, oI, ,, one can check that the “v-th Riemann sums” converge, yield-
ing our integral. For the details, see [V] and [A-V].

§12. On the choice of «

Let o, @ be the two roots of X?—a,X +&(p)p*~ ' and let
o=ordpo<, Ezordp&.
Order the roots so that ¢ <a.

Definition. The form f is ordinary at p if and only if =0, ie., if and only if
a,e0x. Note that this notion depends on our choice of embedding Q—C,
(§11). Here are some general remarks about the roots « and a.

1) Suppose that pyN:

In this case both roots are nonzero and o+a=k—1. Consider the two
“extreme” cases:

1) The ordinary case: 0=0, =k—1.

2) The “most supersingular case”: 6 =g=(k —1)/2.

In the ordinary case there is a unique allowable p-root (« is allowable; & is
not). Note that if a,=0, we are in the “most supersingular case”™ If f is a
modular form of CM-type, then a, is zero for all pfN which are inert in the
field of complex multiplications of f.

I1) Suppose that p|N :

In this case #=0 and a=a,. Let & be the primitive character associated to
¢. According to [L], a, is nonzero (for p| N) if and only if:

either

(i) p>¥N, &(p)=0, in which case a’=&(p)p*~?, or

(ii) ord(cond &)=ord, N>0, in which case

ayl=p* 12,

In case (i) ord,a=(k—2)/2 and so « is an allowable p-root (and f is
ordinary at p if and only if k=2). In case (ii) [L] says nothing about ord,a in
general, but in the special case where a, is real, we have a,= +p*~"? and
hence « is allowable, and f is not ordinary at p.

Remarks. For a fixed modular form f without CM, a, vanishes infrequently.
For the best results along these lines, to date, see [S] 7, Theorem 15. If f has
CM, then a,=0 (and hence we are in the “most supersingular case”) with
Dirichlet density 1/2. It would be of interest to have detailed statistics for the
relative frequency of a given “slope” o.

Numerical examples

Consider the following triples (N, &, k):
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where ¢, is the quadratic character attached to the field Q(}/?).

For each k, let v, denote the modular form in #(N, s, k) defined by w,
=n*n% where 5 is the Dedekind #-function and nn(z)=n{(Nz). [n each case, w,
is a generator of the one-dimensional vector space €(N,e, k). The modular
form w, is the well-studied form parametrizing the elliptic curve X,(11). Its
supersingular primes p=2,19,29, ... have been tabulated by Lang-Trotter [L-
T} up to p=2,590,717. We have a,=0 for all the supersingular primes p>2.
The modular form @; has complex muitiplication by Q(]/~ 7) and con-
sequently a,=0 if and only if p is inert in Q(}/?), ie, p=3,5,6 mod7. The
modular form w,, is 4, and for 4 it has been conjectured by Lehmer that a, is
never zero (this is proved for p<10'%, cf. [S3]).

We are grateful to Robert Kuhn who computed the first 128 Fourier
coefficients of each of the six forms w, for us.

For p<127, and with the exceptions given above, a,+0. Excluding the
cases where a,=0, all primes p in the range 11 <p<127 are ordinary for w, (k
=2.3,4,6,8,12). The following table gives the values of ¢ for the range
2<p<11. The starred entries are the cases where p| N (in fact p=N), for which
the values in the table are predicted by the results cited from [L].

2 3 5 7 11
W, 1,2 0 0 0 0*
w, 0 0 0 1* 0
wy 32 0 1* 0 0
Ul 1 2% 0 0 0
oy 3 1 1 0 0
Wy, 3 2 1 1 0

In the cases where p= N here are the actual values of a,lw,):

k 2 3 4 6 8

aylon) 1 -7 -5 9 -8

For k=12, 16, 18, 20, 22, and 26, let 4, denote the unique normalized cusp
form of weight k on the full modular group SL,(Z). Bob Kuhn has kindly
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computed for us the first 300 Fourier coefficients of each of these six forms,
checking for non-ordinary primes. There are no non-ordinary primes p in the
range 23 <p <300 for any of the six. For primes p <23 there are plenty of non-
ordinary cases, as the following table of values of ¢ shows:

2 3 5 7 1 13 17 19 23
4,, 3 2 1 1 0 0 0 0 0
Ay 3 3 1 1 1 1 0 0 0
Ay 4 2 2 1 1 1 0 0 0
A5 3 3 1 2 1 1 1 0 0
45, 5 3 2 1 0 1 i 1 0
Ay 4 3 2 2 1 1 1 1 !

§13. The p-adic L-function

By a p-adic character we mean a continuous homomorphism
- * *
1Ly Gy

for some p and M as in §11. If M, divides M, then Z} ,/ is a quotient of
Z% v, and we can identify characters of Z¥ ,, with certain characters of Z}
in the obvious way. We say that a character y as above is primitive on Z} 4, if
it does not factor through Z% ., for any proper divisor M, of M. For each p-
adic character y there is a unique M such that y is primitive on Z* ,,. We call
this M the p’-conductor of y; it is an integer =1, prime to p.

Using our chosen embedding 1: Q—»Cp, and viewing (Z/p* MZ)* as quotient
of (Z, ,)* we can identify a primitive Dirichlet character of conductor p*M
with a p-adic character of p’-conductor M, and every p-adic character of finite
order arises in this way, for some M.

For xeZ} we can write, uniquely,

x=a(x){x),

with w(x) a root of unity and with

i dd
(xSe 1+pZ,, %f po
1+427,, if p=2.

Then x— w(x) and x— (x> are p-adic characters of p’-conductor 1.
Here are two types of p-adic characters important in the following:

1. Special characters

These are characters y of the form
1(x)=x} Y(x)

where j is an integer, 0<j<k—2, and y is a character of finite order.
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2. The characters ¥,

For seZ,, define

o€ 14

1) = (x> =exp(slog )= ¥ - (log (o).

r=0

Remark. If s is an integer in the range 0<s<k-2, then y  is a special
character:

Xs(x):x‘;a)"s(x).

Let f be as in §10, and suppose o is an allowable p-root for f. For each
p-adic character y we put

L(fi)=§ xdus,
5

P M

where M is the p’-conductor of y, and where the integral is that defined in §11.
This makes sense, because p-adic characters y are locally analytic.

Warning. If M, divides M, the measure u; , on Z* , is not in general the direct
image of that on Z} ,,. Thus the Eq. (*) is in general valid only for y primitive
on Z*

p.M:

Notation.
L(f o, 1, 8):=L,(f. o x2,)-

Proposition. This p-adic L-function is a locally analytic function in s, defined for
S€Z,. For  a primitive Dirichlet character of conductor p* M we have

9= 3 Y @ [ (og,(x,)r.
r= s amodpvM Dta, vy

Proof. This follows from the fact that the n-th coefficient of the locally analytic
function log ({x>) lies in (1/n1)Z, for any r =0, together with estimates stem-
ming from IIL. For a closer analysis, see [V].

Proposition. Suppose Y is a primitive Dirichlet character with conductor M prime
to p. Then for all p-adic characters y with p'-conductor M, prime to M we have

L(foo x)=x (M) (= M,) t() L, (f5, 2% (p), )
In particular, for jeZ and seZ, we have
L, (f o thxp, )= MICM Y Y (= 1) t(h) L(fy, 2 (p), x

Proof. Indeed, using (10.3) with n= p'M, and v— oo, we find that for locally
analytic F on Z* _m, We have
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V(=M@ | F(Mx)dum,a.p(,,)(X)— I v@Fx)dp, (x).
z

P, M, p MM,

For F =y, this gives the desired result.

§ 14. The p-adic “multiplier” and interpolation of special values

If 7(x)=x)-y(x) is a special character, as in §13, (1), and v is of conductor
m=p*" M define the p-adic “multiplier”

erlo D=y =y (1 VDEOPTID ( VOIPT)

o o

- . . 1.
Here, ¥ is the conjugate, or inverse, character to . Note that e («, y)=— if
p divides the conductor of y, i.e., if v>0. *

Proposition. If y is the special character above, then

J+1

L(f; o0 0)=e,( %) ) Ay 250, 1)
_ Jj+1 ]1
=eo D) gy HUe T+

Proof. When v>0, this is a straightforward computation. It uses the discussion
of §7, §8, (10.2) and (11.3). In the important case of v=0, i.e., m=M, there is
the following further calculation to make. If a is an integer prime to M, let
D(a,0)=2% yn(a+MZ, ). Then:

D(a, 0)= 1 D(b, 1).
b=amodM,btO modp
b mod pM

The b mod pM which we must omit from the above disjoint union, i.e., the

solution of b=amodM, b=0modp is b=pap modpM where pp'=1 mod M.
By the distribution property of § 10,

[ Px,)=ps,(P;a, M)—p, (P, pap’, pM)
D(a, 0)
e(p) P2
= f,P(aa M)_—-OC—.__ j’f,P(aaM/p)

1 , sp)p ,
s f,p(PaP,PM)+TM,p(PaP,M)

k—2
=P, M)~ " (p(ejp); pa, )

1 , e(p)pt?
~ f(P(PZ);ap,M)+——&2——lf(P;a,M)-
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In particular, we have:

] k—2
D(joxi:(Ha(p); _) Iy, @, M)
a, 0)

- k—2—j Jj
_M /lf zJ(pa» M)_pi ’lf zJ(apra M)
o ’ o ’

Using this formula, one readily computes | y(x) xJ.

*
Z

§15. The phenomenon of extra zeroes

Retaining the notation of §14, if X(x)———xf,l,b(x) is a special character, the
proposition of § 14 has the following immediate consequence:

Proposition. The value of the p-adic L-function at the special character y, i.e.,
L(fio, )=L,(f o, &, ),

is nonzero if and only if both the special value L(f;,j+1) of the classical L-
function, and the p-adic multiplier e (a, y)=e (o, ], ) are non-zero.
It may happen, however, that the classical special value is not zero, yet the

p-adic multiplier, and consequently also the special value of the p-adic L-
function, is zero.

Definition. The pair (a, j) is exceptional if there exists a finite character ¥ such
that e, (o, x)=0 for y=x/y.

Note that the finite character ¥ enters into the formula for (2, y) only via
its value at p. Consequently if there is some v such that e (o J, #)=0 then
e, (o, j, y')=0 for every ¥ such that y'(p)=y(p).

Proposition. The pair («, j) is exceptional in these cases and only in these cases:

L. k is even, p|| N, 8(p)%0 and j=(k—2)/2 (the “central point™).

IL kis odd, pAN, o={p*~ 1'% where { is a root of unity and j=(k—1)/2 or
{k—=3)/2 (the “near-central points”).

L k is odd, ord,(N)=ord (cond 2)>0 (the case of “primitive nebentypus”),
a,={ w02, where { is a root of unity, and j=(k —1)/2.

Remarks. 1. Case I1 is symmetrical in the sense that if («, j) is exceptional, then
(o, k—2—j) and (&, j) are also. Examples of this case are easy to obtain: Take
any newform of odd weight and p| N such that a,=0 (e.g., if f is of CM type,
roughly half the primes are of this sort).

2. Case III is also easily obtainable. By [O], if k is odd and ord (N)
=ord, (cond £)>0, then |a,|=p*~ "2 Thus, if a, is real, a,= +p*~ 112

3. For specific examples of each case one can take the w, (k=2,4, 6, 8) all
of which have trivial ¢ and prime level p=N (CaseI); w, with p inert in
Q(Y/ —7) (Case 11); w, with p=7 (Case I11).

4. It is enlightening (and puzzling: cf. §19 and Chap. 1I, §14 below) to
compare the “phenomenon of extra zeroes” with the so-called “trivial zeroes”
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of the Kubota-Leopoldt L-functions. Recall that if  is a finite character, the
Kubota-Leopoldt p-adic L-function L (¥, s) is related to the classical Dirichlet
L-function L(y, s) by the following formula:

L, 1-k=(1~Yo *p)p* ) Lo~ 1-k),
where o is the Teichmiiller character, ~ denotes associated primitive character,
and k=1,2, ....

Here, the classical L-function never vanishes at 1 —k, and so the p-adic L-
function is zero if and only if

(I—yo ¥ p)p*=1)=0 (15.1)

which can happen only for k=1 (the analogue of a “near central point”) and
when Yo~ '(p)=1.

Proof of the proposition

Lemma. Given any root of unity, {, there exists a Dirichlet character \ such that
Yp)=_

Indeed, let { have order n. Since p has exact order n mod (p" — 1) there exists
a character ¥ mod (p" —1) such that y(p)={.

From this lemma and the definition of e («, y) it is immediate that («, j) is
exceptional if and only if

either pYN, and a~p’, or a~pt—2-J

or p|N, and a,~p’,

where a~b means ab~! is a root of unity.

If p¥N, then Deligne’s proof of the generalized Ramanujan conjecture
k—1
shows that each archimedean absolute value of « is p 2, and from this it

. . k-1 k— .
follows that for an exceptional pair (o, j) we have j=—— ot j:T3’ so k is

odd and we are in Case IL 2
If p| N, then in order that a, be non-zero we must have ([L], Theorem 3)
either p||N and (p)#0, in which case a}=&(p)p*~? so we are in Casel if (a, j)
is exceptional, or ord,(cond &)=ord, N, in which case the archimedean absolute
k—1

values of a, are p 2, so we are in Case IIl if (o, j) is exceptional.

§16. Conjectures about orders of vanishing

Define:
Po(fo, j):=order of zero,_; | L(f;,s)
p,(fr 0 ¥, j):=order of zero,_;L,(f, o, Y ', 5)
=order of zero,_, L, (f, &, 1. s), for y=xJ- ¢
and o an allowable p-root for f.
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As mentioned above, both numbers p, and p, are conjectured to be zero
unless k even and j is central, or k is odd and j is near-central.

Conjecture. If o is an allowable p-root for f and 0<j<k—2, then

pofo v )=p, (£, ])), if ey, j,Y)+0
=p (L D+, i e, (o, )=0.

Remarks. When k=2 and j is the central point, one may view these conjectures
as a piece of the p-adic analogue of the classical Birch Swinnerton-Dyer
conjectures. The full “p-adic Birch Swinnerton-Dyer conjectures” will include a
formula for the leading coefficient of the p-adic L-function at s=j, in that case.
See Chap. 11, § 10 below.

2. One implication of the above conjecture is that when there are two
allowable choices of p-roots o, @ the order of vanishing of the p-adic L-
function L, (f, e, ,s) at integers j in the critical range is independent of the
choice of a. There is a special case where this latter assertion is fairly evident.
However it is not at all evident in general, and the question of what the
relationship is betweeen the two p-adic L-functions L,(f, % ,s) and
L,(f, % ¥,s) seems very interesting, and, perhaps, more accessible than the
above conjectures.

The special case we have alluded to is the following: Let f be a newform
and let K denote the subfield of C, generated over Q, by the values of the
character ¢ and the eigenvalues of all the Hecke operators T, acting on the
newform f. Let K(y) denote the field extension of K generated by the values of
the character . Then, up to a scalar multiple, the p-adic L function
L,(f.o, ¥’ s) may be expressed as a power series in s with coefficients in
K(y, »). Suppose, now, that both « and & are allowable. Then K (i, «)= K (y, ).
Suppose, further, that K(y)= Ky, «) or equivalently that K(, ) is of degree 2
over K(). It then follows that the conjugation automorphism of K (i, ) over

K(y) brings the “normalized™ power series L,(f, o o, s) to L(f &y, s)
and consequently these power series have the same order of vamshmg at s=0.
This case can happen, of course (e.g., k=2, a,=0).

§17. The functional equation

Returning to the terminology of §5, §6, fix an integer M prime to p and define
0 1o be the largest positive divisor of N which is relatively prime to pM; write

N=Q-Q e=¢y ¢y
as in § 5,
We make the hypothesis that Q' divides p* M for large v.
Since Q is prime to pM we can, and do, view Q as an element of oy

Since Q'{p* M for ldrge v, we can, and do, view ¢, as a character on Z*‘
Let s*zssQ =&y FQ Recall the w, operator

€ (N, ¢ ky>F(N, ¢*, k)
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which, now that Q is fixed, we will denote by

frofFi=wo(f).

If f is an eigenvector for T, (L¥Q) with eigenvalue a,, then f* is an
eigenvector for T, with eigenvalue g, ¢, ' ().

If « is an allowable root of X?—a, X +¢(p)p* ', then a*:=¢,'(p)a is an
allowable root of the equation

X2 —a,ep' (p) X +e(p)eg*(p)p* Y,

L.e., a* is an allowable p-root for f*.
If U is an open compact subset of Z¥ ,, let U* denote the image of U
under the mapping x+— —1/Q x. Thus

D(a,v)*=D(a,v),
where ¢’ is any integer such that
a-a-Q=-1modp’"M. (17.1)

If F(x) is a locally analytic function on the open set U, let F* denote the
locally analytic function on U* given by the formula:

F¥(x)=Q% 272 xk=2 F(—1/Qx).

Note that if PeZ,(C,), then P*=P

-1
[g 0 ], it being understood that

here, and in the following, we interpret a polynomial P in Z,(C,) as the
function x— P(x,) on Z} ,,.

Formula (6.1) rewritten in terms of the distribution u and the terminology
we have just introduced reads as follows:

Proposition. Suppose that v is =1 and is large enough so that Q' divides p*~' M.

Then
u(fs o, Pya, p"M)= —eo(—=M) g5 (—a) u(f* o¥ P*;d, p' M),

where a' is as in (17.1).

Corollary 1. For F locally analytic on a compact open subset U =Z} ., we have
VF-dp ,=—eg(—M)eg Q) § &g - F* - dppu .
U U

Proof. Recall the proof of the theorem of Vishik and Amice-Vélu (§10). Take
the cut-off value h to be k—1. It suffices to prove the corollary for U=D(a, v)
with v sufficiently large. Take v such that Q' divides p*~' M. In this case &,
takes the constant value ¢,.(a’) on D(d, v) and we must prove:

{ Feduy,=—eo(—Meg'(—a) | F*-du. . (17.2)

D(a, v) D(a’, v)

(using (17.1)).
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If F, denotes the “h-cut-off” of the Taylor expansion of F at x,=a as in the
proof of the theorem of § 10, we have

1
(Fa)* Z(F*)a*, Where a* =——,
Qa

and consequently (17.2) would follow in general, if it were true for polynomials
PeZ,(C,), for then the v'-th Riemann sum approximation to the right hand
side would be equal to the same for the left hand side for any v =v. But for
F=P, (17.2) is just a paraphrase of the formula in the previous proposition.
Taking F to be a continuous character y, we get:

Corollary 2 (Functional equation). If y and ¢g' x are primitive on Z} i then
L,(f o, 1. 5)
= —eo(=M) g (Q) Q" "I = H(=QIQ> T L (f ¥ ot 6 X572 17 —s).

To analyze the sign of the functional equation conveniently, we shall
“abbreviate” the constant in the above functional equation as follows. We
assume that N, ¢, and k are fixed. Let i be a (finite) Dirichlet character, and let
M denote the p'-conductor of . Let Q and Q' be the factors of N determined
by p and M as in the beginning of this section. Define

(b )= (= 1" ey(— M) ep.(Q) Q%2727 (— Q).
Then for y the special character lpx-;, the formula of Corollary 2 reads
L(fiou ¥ x), $)=n,0, )@Y L (f{ak ey xb 2 7y~ L —3), (17.3)

if 6.y ! has the same p’-conductor, M, as .

§ 18. The sign in the functional equation

We retain the notation of §17 and make the following further hypothesis:

The character ¢ is trivial, and the modular form f

. ) (18.1)
is a newform of even weight k.

Under this hypothesis, f is also an eigenform for the operator w,. We have
in fact

f*:cQ~j; with co==%1.
Since &, is trivial, it also follows that o* = . Suppose further:
j=(k—=2)2 and 1 is of order two. (18.2)
Then (17.3) becomes:
L,(foo Y xy™ 2 5)= Q> (= D2y (= Q) co L (f ot Yxie= P —s). (18.3)
Define sign, (1, ). the p-adic sign of f and , to be (—1)?y(—Q) c,.
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Remark. Using [A-L] one can prove that if ¢ is any Dirichlet character such
that there is a factorization N=qq’ with (¢, m)=1 and ¢'|m, where m=conduc-
tor of ¥, and f is any newform of type (N, ¢, k) such that ¢, has conductor m,
then f, is a newform of type (gm? ey k), and its Mellin transform satisfies the
functional equation

1 Yk, _ |
W) Efys 5) =i (gm*)z "¢, (m) p(—q) ) E(ggs k—5),
where
$=2,%, g=flw, and é(f,s)=£§:))s L(f.9)

If f and  satisfy (18.1) and (18.2) we obtain

Efo5bs) == 0@ w1 (fo5—5).

k
We refer to the sign in this functional equation, ie., to (—1)2y(—gq) ¢y (where
g is the largest divisor of N relatively prime to the conductor of ), as the
“generic sign” of f and .
When can it occur that the p-adic sign differs from the generic sign?

Proposition. Suppose that  and  satisfy (18.1) and (18.2). Suppose further that
an allowable p-root exists for f. Then the p-adic sign of f and  differs from the
generic sign if and only if e (x, j, y)=0 (where j=(k—2)/2).

Suppose the signs differ. Then ¢=#Q, which is the case if and only if p| N

and pfcondy. Since k is even, an allowable p-root then exists if and only if
k-2
p|IN, in which case the p-root is a,= —c,p 2 (cf. [A-L]). Under these circum-

stances, we have g=pQ, so the ratio of the two signs is Y(p)c,. This ratio is
k-2
—1 if and only if a,=¢(p)p 2, which is precisely the condition that
k=2

e, (ap, 5 l//) =0.

Remark. This proposition is compatible with (and indeed would be implied by)
our conjecture that the p-adic order of vanishing (at the central point) is one
greater than the classical order of vanishing when the p-adic multiplier is zero,
and is equal to the classical order when it is non-zero.

§19. Extra zeros of “local type”

One reason for studying p-adic L-functions is that they provide p-adic in-
terpolation information about the classical special values of L-functions.
When, however, the p-adic multiplier vanishes one can no longer retrieve the
classical special value from the p-adic special value. Is there a way of recaptur-
ing the classical special value, nevertheless, by taking values of the first de-
rivative of the p-adic L-function?
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Definition. Let fe% (N, ¢, k), let o be an allowable p-root for f, and j an integer
such that (o, j) is exceptional. Say that (e, j) is exceptional of local type for f if
there is a constant & ,(f. o, j) such that

/) : . .
s Ll xS = L, 3 ) (@) 20, 275, m),

where 18 any character of finite order such that e, (% j, ¥)=0, and m=con-
ductor ().

Remark. From the discussion of §15, Remark 4, (and in view of Leopoldt’s p-
adic analytic formula [1]) the trivial zeroes of the Kubota-Leopoldt p-adic L-
function are very unlikely to be of “local type” (with an analogous definition
of “local type” tailored to cover the case of Kubota-Leopoldt p-adic L-
functions).

On the other hand, it seems likely that if (e, j) is exceptional at the central
point j=0 for a newform f of weight 2, then it is exceptional of local type. We
also have numerical evidence which strongly suggests that this remains the case
for newforms of arbitrary even weight k.

Chapter 1I. Arithmetic conjectures
§ 1. The L-invariant of an elliptic curve over a local field

Recall the classical expression for the elliptic modular function j in terms of ¢
— e27ziz:
J=q7 ' +744 4196884 q+21493760 >+ ...=q '+ ) A,q". (1

n=0

The “reverted” power series expression for ¢ in terms of j~' has coefficients in
Z and begins
q=j ' +744 7247504203+ 872769632 4+ ...= ¥ B,j " 2)

n=1

We are grateful to Bill McCallum for proving us with the following table of
the first few coefficients of the power series (1) and (2).

A, =744

A, =196884 B, =1

A, =21493760 B, =744

Ay =864299970 B, =750420

A, =20245856256 B, =872769632

A5 =333202640600 By =1102652742882

Ay =4252023300096 B, =1470561136292880

A; =44656994071935 B, =2037518752496883080

Ay =401490886656000 B, =2904264865530359889600
Ay =3176440229784420 B, =4231393254051181981976079
A =22567393309593600 B, ,=6273346050902229242859370584

Ay =146211911499519294 B,, =9433668720359866477436486024652
A12=874313719685775360 B,,=14354283113962706185538044113452448
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Now let K be a finite extension of Q, and let E ¢ be an elliptic curve with
nonintegral j-invariant. Substituting j(E)~" for j~! in the power series (2) yields
a convergent series in K whose limit we denote by ¢(E)e K* We have:

ord (¢(E)) = — ord (j(E)) > 0.

We refer to g(E) as the multiplicative period of E. It forms the basis of the
theory of analytic parametrization of the group of L-valued points of E for
suitable field extensions L/K [R, La, Mo].

Definition. Let A: K* > be a continuous homomorphism. We put
Z,(E):=A(q(E))/ord (q(E))€Q,.

The “Z-invariant” ¥ ,(E) is an isogeny-invariant of E, and is linear in A. If
A is the homomorphism obtained by composition of Normy, : K*—Qy with
Iwasawa’s logarithm log,: Q¥ —Q, we refer to A simply as log,: K*— 0, and
put & ,(E):=;(E).

Conjecture. If E comes from an algebraic number field (or equivalently, if j(E)
is an algebraic number) then & (E) does not vanish.

§2. Sigma functions

The basic references are [P-R] and [M-T1, 2]. See also [N]. Let K be a finite
extension of Q,. Let E be an elliptic curve, with E , its Néron model over the
ring of integers of K. Recall that E ; is said to be ordinary if, equivalently:

(1) The formal completion Ef, (of E, along the zero-section) is a formal
group (on one parameter) of height 1.

(2) The Néron model of E either has multiplicative reduction, or has good
reduction the special fiber of which possesses a point of order p over the
algebraic closure of the residue field.

We assume that E; is ordinary, and we choose a regular differential  on
E which extends to a regular (and not identically zero) differential on the
connected component of the special fiber of the Néron model of E. We also
choose some uniformizing parameter ¢ on the formal group Efy, so that El, is
the formal spectrum of ¢[[t]]. We suppose that ¢ is normalized with respect to
w in the sense that dr

@ o

=1.

In the above context one can define a “sigma function” (cf. [M-T]) if the
residual characteristic of K is #+2, and the “square of a sigma function” in
general. In [M-T1], eleven different characterizations of the “square of the
sigma function™ are given. We recall one characterization particularly relevant
to the calculations below. Let D, denote the second logarithmic derivative with
respect to w. That is, if f is a nonvanishing (formal) function on E/,, such that
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fe@[[t]] is of the form f=¢"mod ™! for some m, put:

,_lg)

w

Dw(f):% (f = —%4» et 2O[[]]

Our E, can be given by a minimal Weierstrass equation
vita, xy+a,y=x>+a,x*+a,x+a, (3)

with a;€0, and 0 =dx/2y+a, x+a,).
A model for E, of the form (3) is not uniquely determined by E ; and o,
but the x-coordinate is determined up to an additive constant; in fact, the

. b,
function g ,=x+-=

T where b, =a? +4a,, is uniquely determined by E x and .

Proposition. (cf. [M-T1): There is a unique formal function 6% =03 , on Ef, whose
power series expression is in *-(1+t-O[[{])<SC[[]], and which satisfies the
conditions:

(i) 62(P) is an even function of PeE/(O).
(i) D, 0%(P)=D,04(Q)=2x(Q)—2x(P), for P,QeE/(0).

If w'=uw is another choice of differential, then ¢%, =u*g?. Thus we can define

o, for every regular differential «' on E, uniquely in such a way that that
relation holds for every ueK, not only for ue@*.

Put X = —1/2-D,a?.
Then, by (ii), X, extends to a rational function on E ¢ equal to the rational
function x plus a constant. Define a constant e =e(E, w) by the relation

2 ?
=K —_—— 4
] 12 g)w 12’ ( )

where b, =aj+4a,. One easily checks from (4) and the definition of X that e
depends only upon the isomorphism class of the pair (E,w) and not on the
model (1). Moreover, it is of weight two:

e(E, cw)=c % e(E, w).

The constant e=e¢(E, w) is equal to the p-adic modular form of weight two
denoted by the letter P in Katz's [K] (the “Eisenstein series of weight two”).

The difficulty in computing the function ¢ is traceable to the difficulty in
determining the constant e. Given ee( one has the function X by (4) and o2
may then be computed, via the method of undetermined coefficients, to be the
unique even function =t?modt> whose second logarithmic derivative with
respect to w is —2X . In fact, e is that unique element of ¢ such that the
corresponding ¢2,, so computed, again has coefficients in ¢. (See forthcoming
publications of Bernardi and Goldstein concerning the computation of p-adic
sigma functions.)
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§ 3. Sigma functions when j is nonintegral

Retaining the hypotheses of §1 and §2, let E ; be an ordinary elliptic curve
with nonintegral j-invariant and let g=q(j(E)™') be its multiplicative period.
For such an elliptic curve, there is a field extension K’ of K of degree at most
two and a rigid analytic parametrization of E ;. as a quotient of G, (in the
rigid analytic category) by a discrete subgroup of rank one. Such a rigid
analytic parametrization is unique up to sign. Choose one such parametrization.
This gives us, for each finite extension field L of K’ an exact sequence:

0->Z—L*5E(L)->0
g

The analytic parametrization i induces an isomorphism between the group
of units ¢(L)* and E°(L), the subgroup of points which specialize to the
connected component of 0 on the special fiber of the Néron model. If PeE°(L)
1s such a point, let w=w(P)e(L)* be the unit such that i(w)=P, let @ be a
regular differential on E  as in §2 and let CeK* be that constant such that

*w)=C -dw/w.

We have the following formulas (“g-expansions”) for ¢2 and for the constant
e(E, w):

05 (P)=C*w+w™ ' =2) ﬁ (1=wg? (1 —w= T g (1 —¢")* (N
n=1

e(E, )= C~2 (1 ~24Y 5,(n) q"), 2)
n=1
where o,(n) is the sum of k-th powers of positive divisors of n, and w=w(P).
Note that formula (1) converges for all we®{L)* and hence all P in E°(L).
For a numerical example, let K=Q,;, and E=X,(I1) whose model over
Z,, is given by the equation:
yi4+y=x3~x*—10x—20.

One has A= —11°, j=~212313/11° so that

j~t=11°-8744 mod 11°
and hence
g=11°-8744 mod 11°

as well. From (1) we have
c2(P)=C* (w+w ' —2)mod [1°. (3)

Now consider the rational function X on E given in terms of the analytic
parametrization by the formula:
q'w 1 q'w
X: = el + R
ez (L=g"w)?  (w+w™'=2) zz (1—g"w)?
n¥0
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so that on E,
1
= — 115,
(w+w™1-2) mod
One has that X=ax-+b for suitable constants a and b which can be
computed to be:

a=4291 mod 11*;  b=4670 mod [1°.

Consequently, if w=dx/(2y+ 1) is the Néron differential, we have:

1
2 — 4
aw(P)_————x( 126350 mod 114, (4)

for all Pe E°(L).

§4. The canonical height via sigma functions

The basic references are [P-R, MT1, MT2].

Let K be a global number field, and E, an elliptic curve defined over K.
Let ¢ =K denote the ring of integers, and E,, the Néron model of E, over the
base €.

Let § be a finite set of nonarchimedean primes satisfying the hypothesis
that for each veS, the reduction of E at v is ordinary in the sense of §2, ie.,
that either £ has good ordinary reduction at » or E has multiplicative re-
duction at v.

Define E4{K)< E(K) to be the subgroup of finite index in the Mordell-Weil
group defined by the rule: PeEy(K) if and only if P(E(K)) specializes to the
connected component of zero on the special fiber of the Néron model of E for
all nonarchimedean places v, and P specializes to 0 for primes v in S.

Fix w a nontrivial K-rational differential of K. For each nonarchimedean
place v of K choose a uniformizing parameter ¢, of the formal completion E/,
and let ¢ ,eK¥ be defined by the equation:

t
| =c,eK*

Let w, be the ¢ -rational differential w,=c, - w.
~ Dependent upon all these choices, for a nonzero point PeE¢(K) define an
idele i(P) whose component i (P) at the place v is given by the following rules:

(1) If v is archimedean, then i (P)=1.

(2) If v is nonarchimedean, v¢S, and P does not specialize to zero at v, then
I(P)=¢; 2

(3) If v is nonarchimedean, v¢S, and P does specialize to zero at v, then

i,(P)y=c; 2 t}(P).
(4) If ves, then
i,(P)=c; % 06l (Py=0} (P).

‘E/K‘..w)
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Here o is the square of the sigma function attached to (E g, w,) as in §2.

Note that almost all v fall under category (2) above, and therefore i(P) is an
idele.

Define U ,cK¥ to be ¢F if v is nonarchimedean, and K¥* if v is archi-
medean.

The idele i(P) is independent of the choice of parameters ¢, modulo

[1U, =A% and is independent of choice of K-rational differential w modulo
vgS
K* Hence it determines a well-defined element in the quotient group:

i(PYeK\AL/T] U..

vgS

Proposition. There is a bilinear symmetric pairing

Eg(K)x E¢(K)~ K*\A¥/]] U,
vésS

(P, Q=P Q>

(the analytic height pairing ), such that (P, P> =i(P) for all nonzero points P in
E4(K).

For a proof of the above proposition cf. [MT1]. One should note that the
above pairing is the inverse of the canonical height pairing obtained via
biextensions in [M-T2]. If

AT KMA¥T]U,-Q,

véS

is any continuous homomorphism, composition of the analytic height pairing
with 4 yields a bilinear symmetric Q,-valued pairing which extends Q,-linearly

to E(K)®Q,:
(E(K)®Q,)x(E(K)®Q,)—Q,
(P5 Q)H<Pv Q>Aa

and which is uniquely characterized by the fact that (P, P),=A(i(P)) for non-
zero P in Eg(K). We refer to {, >, as the analytic i-height pairing.

§5. The p-adic analytic height in a special case

Here we retain the hypotheses of §4, but suppose K=Q, S={p}, and let

Al Q*\A(";/Hs U,—»Q, be the unique continuous homomorphism whose
v¢
p-component is given by Iwasawa’s p-adic logarithm

log,: Q5 —-Q, (log,(p)=0).

Now let E 4 be an elliptic curve with ordinary reduction at p, in the sense
of §2. Let E, denote the Néron model over the base Z, with minimal cubic
equation y>+a,xy+ay=x>+a,x*+a,x+a,. Let o=dx/2y+a,x+a;) be a
Néron differential.
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For the t,’s chosen as in §4 we have that x~'=¢2mod¢} in ¢, [[t]], for
all nonarchimedean v of Q.

It follows that, in this case, we have the following formula for the analytic
s-height:

Proposition. If PeEg(Q), then (P, P),=log, (0} ,(P)/d) where d is the denomi-
nator of the rational number x(P) written as a fraction in lowest terms.

§6. The extended Mordell-Weil group

In this section let K be a global number field, and fix p a prime number. Let
E g be an elliptic curve defined over K. The places v dividing p fall into two
classes:

I. Places v such that the Néron model of E is split multiplicative at v. For
such places, let g, =q{j~"(E))eK* be the multiplicative period. For each such
place, fix an analytic parametrization

i, K¥>E(K,).

[i. The other places dividing p.
Let K,=K®Q,=[] K, so that E(K )=[] E(K,). Put:

vlp tlp

EMK)):= [] K¥x [l E(K,),

voftypel voftypell

giving us an exact sequence:
0— ZN’(,‘)“)ET(KI’)T E(Kp)*)(). (1)

where N is the number of v's of type I and, if a,eZ" is the vector with entry |
in the v-th place and 0 in all other places, ¢(a,) is the vector in E*(Kp) with
entry g, in the v-th place and entry 1| in all other places. The mapping ¥ is
defined by the requirement that it respect the direct product decompositions,
and for v of type I it is i, on the v-th coordinate, while for v of type Il it is the
identity mapping on the v-th coordinate.

Consider the natural inclusion of the Mordell-Weil group E(K)<E(K,) and
fet ET(K)CET(KP) denote its full inverse image under .

We have an exact sequence

0 Z" > E'(K)—> E(K)— 0 )

induced from (1) and consequently, if E(K) is of rankr, ETf(K) is a finitely
generated abelian group of rank r+ N.

Now let S denote a set of places v of K dividing p. Suppose that E has
ordinary reduction at all veS and suppose, further, that S contains all v of type
I Let E¢(K)cE(K) denote the subgroup defined in §4. Although the exact
sequence (2) doesn’t necessarily split, we do have a canonical splitting over
E¢(K). That is, there is a mapping E¢(K)— E'(K) (P— P) such that y(P)=P,
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defined as follows. If v is of typel, let w (P)e@¥ be the unique unit such that
i,(w.(P)) is the image of P in E(K,), for P€Eg4(K). Then let P be the unique
vector in E*(Kp) whose entry at v is w,(P) for all v of type I and is the image of
P in E(K ) for all v of type II.

Now fix A: K*\Aﬁ/ﬂ U,~Q, a continuous homomorphism, whose local
vgS
factor at v is denoted by 4,: K¥—Q,.

Proposition. There is a4 unique bilinear symmetric pairing
(E'K)®Q,)x (ENK)®Q,)~Q, [(P.Q)—<P.Q>]

depending only upon A: K*\A¥ —Q, and not upon the choice of S (the “extend-
ed analytic A-height”) such that, with a, as above,

<}5a Q~>;:<P, Q>/ ﬁ)r P, QGES(K)
a,, Pyi=2,w(P)jord,(q,) for voftypel and PeEg(K)
<a a >T — /lv(qu)/ordv(qv)’ lf U:Ul

v Y/ 4 0, lf U:.:U,, f()r v, v Of lype I

A

Proof. Straightforward.
Definition. The A-sparsity of E y, ¥, (E ), is defined to be
F(E,p):=det (B, PYl/?eQ,,

where P, ..., B,y is a maximal system of linearly independent points in E*(K)
and ¢ is the index of the subgroup they generate in E'(K).

One immediately checks that the definition of A-sparsity is independent of
the system {F} chosen. When A=log,, put & (E ):=Y(E ). Note that when
N =0, %(E ) is given by
RA(E/K)

PE R

where R (E ) is the discriminant of the lattice (E(K)/torsion) in E(K)®Q,
computed with respect to the analytic A-height pairing.

One can also express the A-sparsity in terms of a slight modification of the
analytic A-height, under certain circumstances:

Definition. Suppose that 1 (g,) is nonzero for all v of type 1. The Schneider
A-height,
E(K)xE(K)-=Q,, (P,Q—<(P, 0"

is then defined to be the bilinear symmetric pairing which for P, QeE((K) is
given by the formula:

<P7 Q>§ch::<}5’ Q~>A _ }’U(WU(P)) : ;L’v(wv(Q)) )

voftypel ’Atu(qv) ’ Ordu (qL)

Remark. We call this the Schneider height because it is Schneider’s “norm-
adapted™ height [Sch] in the special case where 4,=log, Nk o, for vlp. Note
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that Schneider height and analytic height coincide when A, is unramified for all
v of type L.

Define R™(E ) to be the discriminant of the lattice E(K)/torsion in
E(K)®Q, computed with respect to the pairing defined by Schneider A-height.

Proposition. Suppose that 7.,(q,) is nonzero for all v of type |. Then

SUE=( ] LUEg ) RIME Q) TEK)l 2

voftypel

Proof. Given a square matrix, with entries in any commutative ring, decom-
posed into block matrices,
M A B
B [c D]

where A4 and D are square matrices, with D invertible, the identity

[A—BD‘IC BD“] [1 0]
M= )
0 I C D

shows that det(4 —BD~' C)-det D=det M. Applying this remark to the block
matrix representation for the discriminant of the lattice E(K)/torsion in
E*(K)@Qp computed with respect to the extended analytic height, where the
block matrix representation corresponds to the direct sum decomposition

ENK)®Q,=(Z"®Q,)®(E(K)®Q,)

(the direct sum decomposition being induced from the canonical lifting of
E(K) to ET(K)), yields our proposition.

§7. Weil curves

The theory of Weil curves (i.e., elliptic curves E over Q parametrized by
modular functions) has been amply documented [Man, Maz, M-S-D, St]. By
definition, a Weil parametrization n: X ,(N)— E is a mapping defined over Q
such that the puliback of a holomorphic differential of E is a nontrivial
multiple of a newform f (on I (N), of weight 2). If E admits a Weil para-
metrization then it is called a Weil curve. One can always normalize the
parametrization to take the cusp oo to the origin in E. Changing E by a
rational isogeny, if necessary, one can also suppose that the map induced by =
on the jacobian of X ,(N) has connected kernel. Now that the isogeny theorem
is proved, we know that E is a Weil curve if and only if its Hasse-Weil L-
functions L(E, y,s) have analytic extensions to the entire complex plane, and
possess functional equations of the appropriate type, for all Dirichlet characters
7 (or for sufficiently many of them; see [W]). The conjecture of Weil and
Taniyama asserts that every elliptic curve over Q is a Weil curve.

Fix a Weil curve E and let f=1-g+a,q*+asq*+... be the newform in
€(N,¢, 2) (¢=the trivial character) attached to E in the manner described
above.
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§ 8. Arithmetic invariants of Weil curves

Let E, denote the Néron model of E . and E,/F,, the fiber of E,, over F,.
Choose a Néron differential wy of E g Le., a rational differential [-form on E
which specializes to an invariant differential (neither zero nor infinite) on every
fiber E . The choice of Néron differential o is unique, up to sign. If

yita xytasy=x>+a,x*+a,x+a, (1)

is a Weierstrass minimal model for E,; (a,€Z) then a choice of w; is given by
dx/2y+a,x+as).

For each rational prime / denote by m,=m,(E) the number of F-rational
components of the Néron fiber.

Let E(C)* denote the +1 eigen-subgroups of E(C) under the action of the
complex conjugation involution. Thus E(C)* =E(R) and E(C)~ =E'(R), where
E' is the result of twisting E by C/R. The choice of wj determines (invariant)
orientations on E(C)* such that the integrals

Qf:= | wp and Qp:= | w,

E)t E(C)-

are positive, and positive imaginary, respectively.
In the notation of Chap. 1, §3, let A(/, z°; a, m) denote the modular symbols
attached to f, and L, <C the “module of integral values”. Define:

a

hlasmy=i(f, 2% a.m)=— | f(z)dzeL,.

If Lj:Lfr\R, L =L;niR then L‘}-Q is a one-dimensional vector space
over Q generated by Qf and L - Q is one-dimensional generated by Q.
We may symmetrize and anti-symmetrize the modular symbols:

g (a, m):=Ap(a, m)+ Ag(—a, mel’- Q.

If ¥ is a Dirichlet character, we define the modular symbol of E twisted by y
to be
Y, W@ Agla,m)=(1/2)- Y y(a) A=Y (a, m),
amodm amodm
where m=cond (). Then A() lies in LiE®- Q.

Let III denote the Shafarevich group of E. We suppose Il to be finite;
then its order is known to be a perfect square.

§9. Exceptional zeros

As before, E,, is a Weil curve associated to the newform f on I (N) of weight
2. Suppose p is a prime for which E has either good ordinary reduction, or
multiplicative reduction. In either case there is a unique allowable p-root o for
J- We shall say that L (E, ¥, s) has an exceptional zero at s=1 if e (o, j, )=0
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where j=0. This happens (cf. Chap. I, §15) if and only if p|N, ie., the
reduction is multiplicative, and x =y (p).

We say that E, has split multiplicative reduction at p if the connected
component of the Néron fiber of E at p is isomorphic to Gm/Fl,’ i.e., if the cubic
curve (1), viewed over F,, has a node with tangents rational over F,.
Proposition. L (E, ¥, s) has an exceptional zero at s=1 if and only if either:

(a) E has split multiplicative reduction at p and Yy (p)=1
or
(b} E has nonsplit multiplicative reduction at p, and y(p)= —1.

If  is a quadratic character of conductor prime to p, then L,(E,,s) has
an exceptional zero at s=1 if and only if E¥ has split multiplicative reduction
at p, where EY denotes the twist of E by .

§10. The conjecture of Birch and Swinnerton-Dyer, and p-adic analogues

Let E be a Weil curve. lts Hasse-Weil L-function L(E, s) is then equal to the
Mellm transform of the newform f related to E:

L(E, s)=L(f.s)

and is therefore an entire analytic function. Put
k

. d
LY (E):=(1/k1)- G L(E, s)l;_ -

The classical conjecture reads:
Conjecture (BSD{o)).
(1) I'"(E)=0 for k <r=rank E(Q).
. R, (Eg)
(i) L™(E)=1II(E )|  —2 2 ([]m) Qf,
Eol T2 11 m 2

where R, (E,q) is the classical regulator of E, i.e., the discriminant of the lattice
{E(Q)/torsion) in E(Q)®R) computed via the (classical) canonical height pair-
ing.

Now let p be a prime of good, ordinary reduction for E, or a prime such
that the Néron fiber E, ¥, 1s multiplicative (equivalently, p||N). Let o denote the
unique allowable p-root for 1. Define, for Dirichlet characters ¢ :

L(E. . s):=L,(f.on,5—1)
and, if y=1, put L AE Y, s)=L,(E,s).
Let  L®(E y):=(1/k") de JAE W), and again if y=1 put
LY(E, ) = I9)(E).

The p-adic analogue of the classical Birch-Swinnerton-Dyer conjecture is
the following:
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Conjecture (BSD(p)). 1. (Nonexceptional case). If a=1, ie, if E has good
ordinary or non-split multiplicative reduction at p, then:

(i) I¥(E)=0 for k <r=rank E(Q)
and
(i) 19(E)= ( —7) UI(E Q- 7, (Eq) (] m) 2.

where
_{2 if E has good reduction at p

L if E has non-split multiplicative reduction at p.

Il. (Exceptional case). If o=1, i.e., if E has split multiplicative reduction at p,
then:

(i) LY(E)=0 for k<r+1
and

(i) Ly V(E)=I(E o)l - S (Eq) (ﬂ m) Qg .

Remarks. The p-adic sparsity %, (E,q) is conjectured to be nonzero, so that in
either of the above cases the quantity in formula (ii) is conjecturally nonzero.

Iy . . .
The factor (1 ——) is just the p-adic multiplier e (e, j, ) with j=0 and y=1.
o

Hence, when r=0 and we are not in the exceptional case, BSD(p) is equiva-
lent to BSD(oc) by Chap. 1, §14. If, however, r>0, or if we are in the excep-
tional case, BSD(p) is not implied by BSD({oc). If we are in the exceptional
case, and, as is conjectured, f[’p(E/Qp) doesn’t vanish, then Schneider’s height
pairing is defined (cf. end of §6), and the right-hand side of (i) can be
expressed in terms of it, giving us an alternate expression for the conjectured
formula (i1):

Conjecture BSD(p)-exceptional case:
(i) L‘;‘,)(E)zolfbr k<r+1
and

Rgch
.. el .
(i) Ly"(E)y=2(E ) [LH(E

o (BQu? (“

It is a theorem of Cassel’s that BSD(w0) is stable under Q-rational isogeny
of F in the sense that the right-hand side of the conjectured equality (ii) does
not change if E is replaced by an elliptic curve which is Q-isogenous to E (the
left-hand side clearly doesn’t change). It follows as an easy exercise that BSD(p)
is likewise stable under Q-rational isogeny of E. It is also the case that the p-
adic and classical Birch-Swinnerton-Dyer conjectures are compatible with the
conjectures given in Chap. [, § 16 on orders of vanishing.

Note also that BSD(p) is “homogeneous” in the choice of logarithm, in the
following sense: The right-hand-side of (ii) depends inherently on our having
chosen log, for 4. Had we chosen i=c-log, instead (for ¢ some arbitrary
constant), the right-hand-side would change by the multiplicative factor ¢" in
the nonexceptional case and ¢"*! in the exceptional case. But the left-hand-
sides are similarly homogeneous in the choice of logarithm, and of the same
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degree, for:
LY(E)= | (log,x) dy, ,(x)

Z
r

where k is any positive integer, and f is the newform associated to the Weil

curve E, and the notation is as in Chap. 1, §11.

The reader might also wonder what justification there is in putting the
“same” p-adic multiplier in the formula, irrespective of the size of r, as if the
p-adic multiplier acts as an Euler factor. We see little theoretical justification
since we are rather perplexed by the p-adic multiplier; it is just what seems to
work in our numerical experiments.

§ 11. Twisted conjectures

We retain the hypotheses and notation of § 10.

Now let ¥ be a Dirichlet character attached to a quadratic number field of
discriminant D.

Let Ef,‘() denote the elliptic curve over Q twisted by the quadratic character
. Thus we have a canonical isomorphism between E and EY¥ over the quadrat-
ic field to which the character iy belongs.

We make the following
Hypothesis on D. The prime p does not divide D, and we can write N=00Q’
with (Q, D)=1, and Q| D.

Then, by the remark after (18.3) in Chap. I, f,, is a newform of level Q\D|%
Hence EV is a Weil curve belonging to the form Jy- (Now that the isogeny

theorem is proved, this is obvious.) Consequently, by the proposition at the
end of §13 of Chap. I we have

L,(E ¥, 5)= DI~ Y(— 1) 1)) L (E¥, 5).

Therefore, for k Z<the order of zero of LF(E”’, syat s=1, we have
LY(E, )=y (—1)t(y) L} (EY). (1)

On the other hand, if we identify E and E% by means of the canonical
isomorphism between E and E¥ which is defined over Q(]/D), then

Ew (C) + E(C) +(sign 11/).

Moreover, a Néron differential on E¥ is given by

n
w Ty = ey (2)
Ev 1/D E

where # (made explicit at the end of this section) is either 1 or 2 and where by
D we mean the positive or positive imaginary square root. The real period

of E¥ is given by:

L e, (3)

VD

-
QEW_
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If o is the unique allowable p-root for E, then that for E¥ is

2(EY) =y (p) . 4
Finally, recalling the fact that

©(y)=1/D, (5)

which (cf. [H], §58) is equivalent to the classical quadratic reciprocity law,
together with (5) for prime D’s, we find

Proposition. The conjecture BSD(p) for EV is equivalent to the following

Conjecture (BSD(p, {)). Let r¥ =rank (E¥(Q)). Then
I. {Nonexceptional case). If W (p)=o., then
(i) LY(E,y)=0 for k<r¥

and
h
G 1B, = (122 1113 9, S (T (¥ - 23m,
i
where
_{l, if EY has non-split multiplicative reduction at p

2, if E has good ordinary reduction at p.

I1. (Exceptional case). If y(p)=a, then

(i) LE(E, )=0 for k<r’+1
and
(i) L7+ E, y)=n - |HEfQ)l 9, (Elg)- [ [ m(E)- .

where 1 is as given below.

We have n=1 unless D is even. If D is even and E has semi-stable
reduction at 2, then y=1 unless 8| D and the coefficient ¢, in formula (1) of §8
is even, in which case n=2. If D is even and FE is additive at 2, we think y=2.

§ 12. Numerical evidence

We have accumulated numerical evidence for the twisted conjecture BSD(p, )
by studying the curve E=X  (11), with equation y*+ y=x>—x*~10x—20 over
Z. For each of the primes p=3, 5, and 11, we approximated both sides of the
conjectured equalities mod small powers of p for 27 quadratic characters ¥
such that ¥”=1 and 2 characters such that r¥=2. Both 3 and 5 are primes of
ordinary reduction for E, while 11 is a prime of multiplicative reduction, so
that both the exceptional and non-exceptional cases were covered. We also
computed L, (1, ) for 9 characters which have r¥ =0, but which fall under the
exceptional case.

The accuracy levels for which we verified the conjectures are listed in Table
12.1. An accuracy level of n means that the ratio of the two sides of the
conjectured equality in BSD(p,y) is in fact a unit =1 modp" — with the
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following two caveats. First, we assumed throughout that |[II(E¥/Q)|=1. Sec-
ond, where a height regulator was involved we computed it with respect to a
set of points of small naive height listed in Table 12.2. In view of the conjec-
tures, we take the data as evidence that our points are generators and the IIl’s
involved are trivial.

Some of our calculations were done on X (11), some on X,(I1) as in-
dicated in the tables - this i1s because points of small height were more

Table 12.1. Accuracy levels

Prime Conductor (y) v Case Accuracy level
11 5, 37, 53, 56, 0 exceptional 2
60, 69, 89, 97.
104
3,5 1 -7, —-8, —19, -24 1 exceptional if p=11 p=11:2
—39, —40, —43, —52 non-exceptional if p=3, 5§ p=3:3;p=5:2
—68, —79. —95, —127
3,51 8, 13, 17, 21, 24, 28, 33 1 non-exceptional 2
41, 44, 57, 65, 73, 76,
77, 88
3,5, 11 —47, —103 2 non-exceptional 2

Table 12.2a. Height data

Our elliptic curve E=X,(11) is given by the equation y?=4x>—4x?—40x-79, (uzfif?— and we
have twisted E by the thirteen quadratic characters y listed. y

In each instance, the rank r¥ of the twisted curve is 1. We tabulate the x-coordinate of a
rational point P (a presumed generator) and compute its A-height (P, P>, to an accuracy level of 3,

1
where A(x)=-log,(x). We have done this for p=3, 5, 11 in the tabulated instances below. [We use
14

that, for p=3, ¢,(X ,(11), w)= —37 mod &1 and, for p=5, €,(X 4(11), )= —23 mod 125].
HEIGHT ={P, P}, to accuracy 3

Conductor x( Py p=3 p=>5 p=11
of (Exceptional case)
- 7 - 6 23/9 83/5 779
- 8 - 12 22 143/5 748
- 19 9/ 20/9 —23/5 536
- 24 ~25/6 -3l —28/5 824
-39 - 7/3 -35 —36/5 101
~ 40 39/10 —22/9 —38/5 320
- 43 69/16 -19/9 33/5 557
- 52 —-57/4 8/9 42/5 709
- 68 —13/4 —24 —-27/5 196
- 79 0 38/9 97 1109
- 87 4/3 872
- 95 —41/5 -31 47/5

127 3 ~31/9 25-78
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Table 12.2b. Height data

t
E=X (11): y?=4x° —4x—1: w=dx/y; A(x)=- log,(x);
p

¥ (1 _{—22m0d8l ’
IO o s T
Height=(P, Py,
Conductor x(P) p=3 p=S5 p=11
of ¢ (accuracy 4) (accuracy 2) (accuracy 2)
8 1/2 13/9 11 81
13 1/4 40 13 59
17 2 37/9 20 58
21 —5/12 29 4/5 14
24 1/6 18 9/5 48
28 3/4 33 16 63
33 —1/3 27 2 18
41 5/4 34/9 8/5 73
44 —1/ 38/9 21/5 88
57 1/3 51 6 71
65 —2/5 67/ 4 113
73 3 25 22 37
77 17/4 —17/9 0 65
88 3/ 22/9 24 24

Table 12.2¢. Height data
Curve E= X ((11); r,=2. See 12.2a for further information.

(BP0
POy, <Q.0,

Conductor Points P, O r=3 p=5 p=11
of ¥ on EY (accuracy=3) (accuracy=2) (accuracy =2)
-1 18 13 14 2 58 67
s S BT S Vol I
x(Q): =2 13 15 2 12 67 5

det R=20 det R=14 det R=36
P)y=-3 8 - 13/9 17 15 30 51
BT A i B S < B
x(Q)= —36 ~13/9 — 2/9 15 17 51 64

det R=—11/9 det R=14 det R=45

common on one curve or the other, depending on . Of course, the two curves
are isogenous, so their L-functions are identical. The techniques for making the
computations are implicit in the discussion of height in I1.1-5 and all the
results are listed in Tables 12.2a,b, and c. In those tables, an “accuracy n”
means that the ratio of the tabulated height (or regulator in case ¢) to the true
height (or regulator) is a unit congruent to 1 modulo p". In those tables we use
the same “x-coordinate” to describe points P (up to sign, which is all that
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matters for heights) on an elliptic curve y?=4x*+ax?+bx+c and on all of its

twists Dy?=4x*+ax?+bx+c¢ by quadratic extensions Q(]/B); the D is listed
under “conductor of " in the tables.

§13. The p-adic exceptional zero conjecture (preliminary version)

In the exceptional case when r=0 one can put the p-adic conjecture BSD(p)
together with the classical BSD(co) to produce a conjectural formula linking
modular symbols to the multiplicative period ¢,=q,(E). One is led to the
following.

Exceptional zero conjecture ( for Weil curves)

Let E be a Weil curve and p a prime of split multiplicative reduction for E.
For any Dirichlet character ¥ of conductor prime to p and such that y(p)=1,
we have:

LO(E )=, (Eq,) AW,

In this case, the left-hand side of the above conjectured equality can be
expressed quite simply as a limit, leading to the following equivalent conjecture
(under the same hypotheses).

Conjecture 1. For M =cond () we have

Lim Y y(a)log,(a)igla, p"M)=2 ( Y a) igla, M).

(n— ) g mod p M a mod M

The remarkable nature of the above conjecture is that the modular symbols
ig are computed as path integrals on a Riemann surface which provides a
c()mplex analytic modular parametrization of E, while the term & AEn,) is ap-
adic number (presumably even transcendental) obtained from the p- -adic uni-
formization of E.

For a numerical example, we may return to the curve X =X (11) discussed
in §12 whose multiplicative period g,, is computed to be 11°-8744 (cf. §3).
One finds

ZL1(Eq,)=11-54T mod [ 1%,
Now define

of (@, m)=2if (@ m)QF. oy (a,m)=1; (a,m)/Q;,

s0 that ¢ (@, m) are rational numbers of bounded denominator and are 11-
adically integral.

Conjecture 1 can be verified to “2 significant 11-adic places” (for our given
E, p, and ) if we can establish the following congruence mod 112,
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Conjecture 2
Y W(@)llog, (@)/11] o3V, 11° - M)

a’ mod115M

=547 Y Yla)o3= ¥ (a, M) mod11?

amod M

where Yy (11)=1 and M =cond ().

We have established this congruence for the 9 quadratic characters as-
sociated to the quadratic fields of discriminant D, where D=5, 37, 53, 56, 60,
69, 89, 97, and 104. (Compare the case r¥ =0 of §12).

§ 14. The p-adic “exceptional zero conjecture” (more general version)

Let f be a newform in 4(N, ¢, 2). Let p be a prime number such that p| N and
the character ¢ has conductor prime to p. Assume (for simplicity) that ¢ is real.
Let A be the abelian subvariety of the jacobian of X,(N), attached to the
newform f (cf. [Sh], Theorem 7.14). Then it is known that A, has purely
multiplicative reduction at p (that is, the Néron model of 4, over the base Z
has a special fibre whose connected component is a torus over F,. This follows
easily from [D-R] VI Theorem 6.9 and Raynaud’s Theorem {cf. [Ra] or [M-
W], Chap. 2, Prop. 1). We may use the theory of [McC, Mo] to obtain an
analytic parametrization of 4=A4, and of its dual B=B,. Namely, there is a
Galois pairing (determined up to canonical isomorphism)

X xY—> QF,

where X and Y are free abelian groups of finite rank on which G =Gal (QP/QP)
operates, and where j is a bi-multiplicative mapping such that the composition
ord, o j tensored with Q gives a perfect duality of finite-dimensional Q-vector
spaces (ordye

XRQxY®Q—>Q (1)
and, moreover, such that there is a pair of exact sequences of G-modules
0— X - Hom (Y, Qf)-— 4(Q,)—> 0
0— Y— Hom(X, (_);“)T» B(Qp)*» 0
B
where the unlabelled maps with domain X and Y in the above diagram are
induced by j.
Now let T,=End(4,,) denote the subring generated by the Hecke oper-

ators T, (all ). By functoriality, T, operates on the Z-modules X and Y in a
manner compatible with the pairing j. That is,

j(’L'X, Y):j(X’TY), fOI' TGTf.

Let F=T,®Q be the algebraic number field generated by the Hecke
operators. Then the Q-vector spaces X®Q and Y®Q are naturally endowed
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with the structure of F-vector spaces, of dimension one over F. The nonde-
generate pairing (1) induces an isomorphism of (1-dimensional) F-vector spaces

«: Y®Q-Hom(X ®Q, Q).

Now let F,=F®4Q,; it is a finite product of local fields. The Q_ -modules
X®Qp and Y®Qp are free F,-modules of rank 1. Consider the composition of
the pairing j with log ; it induces a bilinear pairing,

X®Q,)x(Y®Q,)-Q,

an hence a homomorphism of F,-modules (free of rank I)
B, Y®Q,~Homg (X®Q,,Q,).

Let o, =a®1: Y®Qp—>H0mQP(X®Qp, Q)
Since o, is an isomorphism, there is a unique element in F,, call it
&,(f)eF,, such that
Bp=2,(f) a,.

By construction, & ,(f) (the Z-invariant of the modular form f) is seen to lie
naturally in F,=T,®Q, and depends only upon the newform f.

The mapping of Hecke operators to their eigenvalues (7;—a,) establishes an
imbedding of T, in Q. Composing this imbedding with the imbedding Q - Q,
fixed in Chap. 1, § 11 provides a homomorphism F,—C,. Let Z,(f)eC, denote
the image of % (f) under this homomorphism.

Exceptional zero conjecture ( for newforms of weight 2)

Let f be a newform of weight 2 on I(N) with character ¢ such that ¢ is real
and cond (e) is prime to p. Suppose p||N. Let i be a finite Dirichlet character
of conductor M prime to p such that e, (% 0, ¢)=0, where a=a, is the unique
allowable p-root for f, and such that N has a factorization N=0Q' with
(@, M)=1 and Q’| M, and such that EQ:l/l_l has conductor M. Then:

L(fouys)_o=Z,() Y ¥l 4[5 a M)

amod M
M =cond (¢)
Remark. The above conjecture implies that when k=2 the exceptional zero is
of local type (cf. Chap. 1, § 19).

§15. Are there Z-invariants attached to modular forms of higher weight?

The #-invariant Z(f) defined in the previous section depends only upon the
p-adic representation, p,(f), of Gal((_)p/Qp) attached to f. In fact, the crucial
property required of the p-adic representation p,(f) in order that Z,(f) be
defined is that it be a two-dimensional p-adic representation whose image is

contained in a Borel subgroup of GL,(C,).
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There are, however, a number of examples of cuspidal newforms f of even
weight k=4 whose p-adic L-function possesses an exceptional zero (at the
central point) and yet whose attached local (Gal(Qp/Qp)) representation does
not factor through a Borel subgroup. Indeed, an idea of Serre enables one to
easily produce examples where the image of the inertial subgroup under p(f)
is an open subgroup in GL,(Z,). We shall provide a small list of such examples
below. The disparity between weight 2 and even weights k>4 seems all the
greater insofar as we have no example of the above type for weight k=4 where
p,(f) does factor through a Borel subgroup. We are led to ask the question
which forms the title of this section, despite the fact that the definition of
& (f) which we have given in the case of weight 2 does not seem to generalize
to higher weights, because we have amassed numerical data in support of the
following version of the Exceptional Zero Conjecture for newforms of weight
two (§ 14), already alluded to in Chap. 1, §19.

Exceptional zero conjecture ( for newforms of even weight )

Let f be a newform of even weight k=2 on I'j(N) with character ¢ such that ¢
is real and cond(g) is prime to p. Suppose p| N.

Then there is a nonzero element #,(f)eC, such that for all finite Dirichlet
characters ¥ which have the property that:

() e (o, (k—2)/2, y)=0, where a=a, is the unique allowable p-root for f,

we have:

L (f,o ¥, soqm2y2=ZL,(N) Y ¥la) A(f.24722 a0, M),

a mod M

Note that this conjecture is, of course, weaker than the corresponding
conjecture made in § 14 for weight 2 forms, insofar as we have no conjectural
interpretation of the local factor &, (f) if kz4. The strength of the above
conjecture lies in the fact that it is required to hold for all characters v
satisfying (x). If there is one such character, there are an infinity of them, and
consequently we can test the conjecture by finding a single such character v,

f hich
or whie Y Yola) Alf, 24225 a, M)

a mod M

is nonzero, and then by defining £ ,(f) to be such that the above conjecture
holds for y=y,. We have done precisely this in the following instances. For p
=3, f=n(t)®y(31)% k=6, and quadratic characters of conductors 7, 10, 13, 19,
22, 31, 34, and 37, take Z5(f)=3-44 mod3°. For p=35, f=n(1)*n(57)*, k=4
and quadratic characters of conductors —2, —3, -7, —13, —17, and —22,

1372
take fs(f)s% mod 57.

Examples where the image of inertia is large

Let f be a cuspidal newform with Fourier coefficients in Z. Let us say that f is
inertially large at p if the image of the inertia group at p under p,(f) is an
open subgroup of GL,(Z).
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In [S2], Serre showed why w,,=4 is inertially large at p for p<7. Serre’s
argument applies immediately to show that the newforms f=w, (c¢f. Chap. ],
§ 12) are inertially large at p for the following values of k and p:

k p

12 2 3 5 7

16 2 3 5 7 11

18 2 3 5 7 11 13

20 2 3 5 7 I 13

2 2 3 5 7 13 17

26 2 3 5 7 11 17 19

More germane to the discussion above is the fact that his argument also
applies in the following three instances:

k 7 p=N
4 w,=(nns)* 5 1
6 we=(n1n3)° 3 1
8 wg={11,)°* 2 !

and with a bit of work it can be made to apply for the primes p=2 and 3 to
the case of

f=mmnyn, '76)2

which is a cuspidal newform of weight 4 on I,,(6), ¢=1.
For these example, then, we are at a loss to provide (even conjecturally) a
*local” definition of L)
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